ABSTRACT. The well-posedness, L p -L q decay estimates and propagation of singularities of solutions to the Cauchy problems of linear thermoelastic systems of type III in three space variables are studied. Firstly, the thermoelastic system is transformed into an equivalent one of first order in t by some special transformations. Secondly, we obtain the asymptotic behaviors of characteristic roots of the system for higher, middle, and lower frequencies, respectively, by using a diagonalization argument. From the behaviors of characteristic roots and the diagonalization procedure, we conclude the well-posedness, L p -L q decay estimates, and the propagation of singularities of solutions to the Cauchy problem.
INTRODUCTION
The thermoelastic systems describe the elastic and thermal behavior of an elastic heat conductive media, in particular the reciprocal actions between elastic stresses and temperature differences [1, 3, 4] . The classical model of thermoelasticity is based on the Fourier law; the heat flux is proportional to the temperature gradient, so it is described by a hyperbolic-parabolic coupled system. There is a rich literature devoted to the classical thermoelastic system concerning the wellposedness, propagation of singularities and the long time behaviors of solutions, cf. [4, 6, 7, 12, 16] and references therein. For example, in [6] Racke obtained the well-posedness of the Cauchy problem for the quasilinear thermoelasticity in three-space variables.
Green and Naghdi in [3] re-examined the equations of thermoelasticity and introduced the so-called model of thermoelasticity of type III. In the linear case, the heat flux q is assumed to be proportional to the temperature gradient and the thermal displacement gradient (see [3, Formula (8.37 
)]): q(t, x) = −a∇θ(t, x) − b∇ t t 0 θ(s, x) ds
where θ is the temperature, and t t 0 θ(s, x) ds is the thermal displacement introduced in [3] .
There have been some results on the type III already ( [5, 8, 15] ). Zhang and Zuazua in [15] studied the decay of energy in the linear thermoelastic system of type III both for the Cauchy problem in R n and the problem in a bounded domain of R n (n ≤ 3) with a homogeneous Dirichlet boundary condition by using the classical energy method and the spectral method. For the Cauchy problem, by using the energy method, they obtained that the energy decays polynomially in general, and it decays exponentially when the Fourier transforms of the initial data vanish in a neighborhood of the origin. Moreover, for the later case, they got an optimal decay rate by studying the asymptotic behaviors of characteristic roots for higher frequencies to a fourth order scalar equation derived from the thermoelastic system. In [5] , Quintanilla and Racke studied the exponential stability of solutions to the linear thermoelasticity of type III with different boundary conditions in one space variable by the energy method and spectral method respectively. Moreover, the exponential stability for radially symmetric solutions in two or three space dimensions and the equipartition of energy were also studied there.
Recently, the authors and their collaborators found a new method by frequency analysis in phase space to decouple the hyperbolic-parabolic systems. From the decoupling procedure, one can obtain the asymptotic behavoirs of characteristic roots both for lower and higher frequencies, which can easily give several important properties of solutions, such as the long time decay estimates and the regularity of solutions to linear and nonlinear problems (cf. [8, [10] [11] [12] [13] [14] and references therein). By using this decoupling argument in phase space, Reissig and the second author in [8] obtained the well-posedness, propagation of singularities and decay estimates of solutions to the linear thermoelasticity of type III in one space variable.
The purpose of this paper is to develope the decoupling argument further for studying the Cauchy problem of the linear thermoelastic system of type III in three space variables. From the frequency analysis, we shall discover several interesting phenomena in the model of type III in three space variables, such as the longitudinal and thermal waves decay faster than that of transversal wave component, and the singularities of the elastic wave and temperature will be propagated along the null bicharacteristic strip of the elastic field while the smoothing impact of the temperature remains a little.
Consider the following Cauchy problem for the linear thermoelastic system of type III in three space variables:
where y and θ are the displacement and temperature difference of the elastic media, α, β, δ, γ 1 , γ 2 , and κ are positive constants with α < δ, ∆ represents the Laplace operator, ∇ the gradient, ∇ the divergence in space variables, and f (t, x) and g(t, x) satisfy appropriate regularities which will be stated later.
In order to state our main results, we first need to recall a notation of homogeneous Sobolev spaces [9] as follows (see also [8] ):
Let L (R 3 ) be the dual space of the subspace of the Schwarz space S consisting of functions satisfying ∂ αû (0) = 0 for all α ∈ N 3 , withû(ξ) denoting the Fourier transform of u(x) with respect to x ∈ R 3 . For any fixed s ∈ R, we denote byḢ
with its Fourier transformû(ξ) satisfying
The main results of this paper are as follows: 
Then, the Cauchy problem (1.1) has a unique solution satisfying
where W 2,1 denotes the classical Sobolev space based on L 1 .
As in [8] , the regularity assumption above, θ 1 ∈Ḣ −α,s−2 , is required when we use the thermal displacement as an unknown instead of the temperature θ (see (2.1)) of Section 2 in order to treat the third order term ∇ y tt appeared in the second equation of (1.1).
Letting f = g = 0, we have from (1.1) that
To describe the propagation of singularities in the problem (1.4), let us introduce the following definition ( [2] ):
For any fixed s ≥ 2, we have for (1.4) the following result:
Let (y, θ) be the unique solution of (1.4) and denote by
for any 0 < t ≤ T .
As the singularity theory in hyperbolic problems (e.g. see [2] ), one can also study the propagation of singularities of solutions to the inhomogeneous problems (1.1).
Denote byû(ξ) = F (u) 
and C q is a positive constant depending on q only.
When the initial displacement and velocity are rotation free, the decay estimate above can be improved as: 
The remainder of this paper is arranged as follows: In Section 2, we shall introduce a transformation to derive an auxiliary problem (2.3) from (1.1) and then transform it into a first order system (2.8) in t. In Section 3, we shall diagonalize the system (2.8) to obtain the asymptotic behaviors of characteristic roots for higher, middle and lower frequencies respectively. With the help of information on the characteristic roots and the diagonalization procedure, we will prove Theorems 1.1, 1.3 in Sections 4 and 5, respectively. Finally, Theorems 1.4 and 1.5 will be proved in Section 6.
TRANSFORMATION TO DERIVE AN AUXILIARY PROBLEM
First, we can assume γ 1 = γ 2 in the system (1.1). Indeed, by lettingθ =
one obtains a system of type (1.1) for y andθ with γ 1 = γ 2 .
To treat the third order term ∇ y tt in the second equation of (1.1), as in [8, 15] , we shall use the thermal displacement introduced in [3] :
as an unknown instead of the temperature θ(t, x), where χ(x) satisfies (2.2)
By a direct computation, we obtain from the system (1.1) and (2.2) that (y, ψ) satisfies the following problem:
provided that the transformation (2. 
, and C q is a positive constant depending only on q. It remains to investigate the hyperbolic-parabolic coupled system (2.5) for the unknown (y p , ψ) to obtain the related properties. Denote byf (ξ) the Fourier transformation of f with respect to x ∈ R 3 and introduceŷ
We obtain from (2.5) that (2.7)
T , we know from (2.5) and (2.7) that
DIAGONALIZING THE PRINCIPAL TERMS IN SYSTEM (2.8)
In this section we shall carefully analyze the effects of frequencies in different regions of phase space to obtain the asymptotic behavior of eigenvalues of the coefficient matrix B := A 2 + A 1 and to find a method to diagonalize the matrix 
This result can be verified by a direct computation.
3.1.
In the region {|ξ| ≥ N 1}. We restrict our discussion in this subsection to the region {|ξ| ≥ N 1} for a large N. In this region, the term A 2 is a dominating one in (2.8). So, let us first diagonalize the matrix A 2 . Let
By a direct computation, we have from |λI − P | = 0 that
Denoting by k = ( 1k , 2k , . . . , 8k ) and r k = (r 1k , r 2k , . . . , r 8k ) T the left and right eigenvectors of P with respect to the eigenvalues
where e k (1 ≤ k ≤ 8) are the orthonormal bases in the space R 8 .
where
Subsequently, we will diagonalize the matrix A 1
. Let
where the matrices a 3×1 , b 3×1 , a 1×3 and b 1×3 , and the constants c and c are all zero-th order in ξ and will be determined later.
Then we obtain for
where [·, ·] means the commutator of two related matrices, A
then, by a simple computation we have
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Choosing
we obtain from (3.4) that (3.6)
By a direct computation, we obtain
From (3.3) to (3.8), we know that V 2 satisfies (3.9)
2 . Subsequently, we will diagonalize A 2 0 in the following procedure. Let
where x 3×1 , y 3×1 , x 1×3 and y 1×3 are all zero-th order in ξ and will be determined later.
Then we know
By a direct computation, we have
Thus, from (3.10) we know V 3 satisfying (3.14) 
where 
where A 
Considering the real symmetry of D, by a direct computation we know that there is an invertible (6 × 6)−matrix M such that
Proposition 3.3. Letting V (t, ξ)
= (V 1 , V 2 ,
. . . , V 8 ) T be the solution to the Cauchy problem
T are rotation-free, then we have in |ξ| ≥ N 1 the following representation: Using the Duhamel principle, we obtain by a direct computation from (3.25) that 
In the region {|ξ| ≤ σ
1}. In this subsection, we will restrict our discussion to the region {|ξ| ≤ σ 1} for a small σ > 0. First, we diagonalize the dominated part A 1 in (2.8).
For convenience, denote by P = i −1 A 1 . It is easy to have
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Denote by i and r i the left and right orthonormal eigenvectors with respect to λ i (1 ≤ i ≤ 8) of the matrix P . By a direct computation, we have (3.29) (a 1 , b 1 , c 1 , 0, . . . , 0) , (a 2 , b 2 , c 2 , 0, . . . , 0) , 0, 0, 0, a 1 , b 1 , c 1 , 0, 0) ,
are two unit vectors satisfying a k ξ 1 + b k ξ 2 + c k ξ 3 = 0, and C k (5 ≤ k ≤ 8) are determined such that the following normalization holds:
2 is a matrix with elements being order two in ξ. We are going to diagonalize it with the help of A 1 
. Let
where G 2 = (I + |ξ|L 2 )G 1 and, particularly by the constitution of L 2 and Lemma 3.1, we know that
with λ j being given in (3.28). Thus, we have
we have
From (3.33) to (3.35), we know (3.36)
. By using the similarity of matrices, we have from (3.36) the following result:
Using Lemma 3.4, by the Duhamel principle we can obtain, similar to Proposition 3.3, the following proposition:
T be the solution to the Cauchy problem
T , are rotation-free, then we have in |ξ| ≤ σ 1 the following representation: 
In the region {σ ≤ |ξ| ≤ N}.
In this subsection, we will restrict our discussion to the region {σ ≤ |ξ| ≤ N}.
Letting ν k , (1 ≤ k ≤ 8), denote the characteristic roots of B := A 1 + A 2 in (2.8), from Lemmas 3.2, 3.4 and the following Lemma 3.6, we know with the help of compactness of {σ ≤ |ξ| ≤ N} that (3.39)
for all ξ ∈ {σ ≤ |ξ| ≤ N}, where C represents a constant. Proof. Suppose that ν = ia, a ≠ 0, a ∈ R is one of the eigenvalues of B and is different from ±iδ|ξ| in {σ ≤ |ξ| ≤ N}.
By a direct computation, we obtain from |iaI − B| = 0 that
Obviously, a = 0 does not satisfy the first equation in (3.41), and from the second one it follows a = ±δ|ξ|, which is impossible from our assumption. The conclusion of this lemma follows.
T , are rotation-free, then there exist two positive constants C 1 and C 2 such that we have in {σ ≤ |ξ| ≤ N} the following decay estimate:
for a fixed 0 < C 2 < C with C being given in (3.39). 
Proof. From (3.39), we know that
Thus, we are only interested in W j , (j = 5, . . . , 8) , in the following discussion. If all roots ν j , (5 ≤ j ≤ 8), are simple, we can obtain from (3.39) and (3.43) that
Otherwise, let us consider, for example, the case that the characteristic roots satisfy ν 5 = ν 6 , ν 7 = ν 8 , but ν 5 ≠ ν 7 at a point ξ 0 ∈ {σ ≤ |ξ| ≤ N}. By a direct computation, we have (3.46)
, 
where kp represents the p-th component of the k-th row of the matrix L and V 0p is the p-th component of the vector V 0 (ξ 0 ). By a direct computation, we know from (3.47) and (3.48) that
Considering (3.39), we obtain from (3.49) and (3.50) that
for a fixed 0 < C 2 < C with C being given in (3.39)).
It remains to verify (3.51) for any ξ ∈ {σ ≤ |ξ| ≤ N} with the help of the compactness of {σ ≤ |ξ| ≤ N}. Consider the equation (3.47) for ξ being in a small neighborhood of ξ 0 . Obviously, it can be rewritten as (3.52)
Denote by χ = χ(t, s, ξ 0 ) the fundamental matrix of the operator ∂ t +H 2 (ξ 0 ), namely, χ solves
From (3.51), we know that χ satisfies
By Duhamel's principle and Gronwall's inequality, we obtain from (3.52) with
Now choosing a small ε such that C 1 ε < C 2 2 , we can obtain the same result as that of (3.51) for all ξ in the small neighborhood of ξ 0 . Using the compactness of {σ ≤ |ξ| ≤ N}, we conclude that (3.51) holds for all ξ ∈ {σ ≤ |ξ| ≤ N}.
From (3.45) and (3.51), we obtain the estimate (3.42) by using the backward transformation from W to V . In this section we shall prove Theorem 1.1. From Propositions 3.3, 3.5 and 3.7 and the diagonalization procedure developed in Section 3, we obtain the following result: 
Proof of Theorem 1.3 . From the proof of Theorem 1.1, we know that the singularities of the solution to the problem (1.4) only come from the behaviors in higher frequencies. Considering the diagonalization procedure of B in Section 3.1, we have from (3.23 
T can be represented as
when |ξ| ≥ N 1, where
with C j k = C j k (ξ) ∈ S 0 , the set of the zero-th order symbols in ξ.
By the assumptions in Theorem 1.3 and Lemma 2.1, we know (5.2)
Noting ν j = ±i|ξ|δ, (1 ≤ j ≤ 4), by using the hyperbolic theory on the propagation of singularities we have from (5.1) and (5.2) that 
for any s ≥ 0. Subsequently we will derive the L 1 − L ∞ decay estimate for .
By using the properties of ν j , (5 ≤ j ≤ 8), given in Lemma 3.4, and a direct computation, we obtain
(6.5)
Thus, from (6.4) and (6.5) we get that (6.6)
On the other hand, from Proposition 3. for a fixed r > 3. Thus, it follows from (6.8) and (6.9) that (6.10)
.
Similarly, we can obtain from Proposition 3.7 and (3.39) for σ ≤ |ξ| ≤ N that
From (6.6), (6.10) and (6.11), one immediately concludes (6.2).
Ë
Proof of Theorem 1.5. First from (6.1), by using the Parseval identity we obtain that (6.12)
Using the interpolation theorem between (6.2) and (6.12), we have , for any 2 ≤ q ≤ ∞, where p = q/(q − 1), C and C q are positive constants depending only on q. We conclude the estimate (1.9) by using θ = ψ t from (2.1).
